Nonrelativistic Quantum Mechanics with Spin 
in the Framework of a Classical Subquantum Kinetics 
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Recently it has been shown that the spinnless one particle quantum mechanics can be obtained in 
the framework of entirely classical subquantum kinetics. In the present paper we argue that, within 
the same scheme and without any extra assumption, it is possible to obtain both the non relativistic 
quantum mechanics with spin, in the presence of an arbitrary external electromagnetic field, as well 
as the nonlinear quantum mechanics. 
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I. INTRODUCTION 

Certainly one of the most intricate questions in quan- 
tum mechanics concerns the origin of quantum potential 
|l], ||, ||] . Recently in ref . Q the quantum potential has 
been obtained in the framework of classical many body 
physics without invoking any epistemological principle. 
This unexpected result gives rise to the hope that quan- 
tum physics can be obtained in a self consistent scheme 
of an entirely classical many body physics. Indeed, in the 
same reference within this classical framework, the main 
features of quantum mechanics (i.e. the probabilistic na- 
ture of the quantum description, the Schrodinger equa- 
tion, the quantum operators, the Heisenberg uncertainty 
principle) have been deduced in the case of a spinless par- 
ticle. It is surprising that this theory contains only one 
free parameter which is identifiable with the fundamental 
constant h. 

Within this classical scheme the quantum particle 
turns out to have an internal structure and a spatial dis- 
persion and appears to be composed by N identical point 
like and interacting subquantum objects, the monads, 
obeying to the laws of classical physics. The statisti- 
cal ensemble of these N monads is governed in the phase 
space by a kinetics, which takes into account that, during 
the point-like collisions, the monad number, momentum 
and energy are conserved. It is remarkable that simply 
the projection of the above phase space kinetics, into the 
physical space, produces a hydrodynamics which leads 
naturally to the one particle spinless quantum mechan- 
ics, when the external force field is conservative. 

Clearly this latter condition is instead restrictive. A 
first question which naturally arises is if it is possible to 
obtain quantum mechanics for a particle with spin in the 
presence of an arbitrary time dependent external electro- 
magnetic field H H, 0, [|, within the above TV-body 
classical kinetics. A second question is if it is possible to 
obtain also the nonlinear quantum mechanics |1(| , within 
the same scheme. The answers to these questions, as we 
will see in the following, are affirmative. 



The main purpose of the present work is to show that 
it is possible to obtain both the non relativistic quan- 
tum mechanics with spin as well the nonlinear quantum 
mechanics, following the general lines of the theory de- 
veloped in ref. B, without making any additional as- 
sumption. 



II. CLASSICAL HYDRODYNAMICS 

Let us consider the phase space kinetics of a system 
of N monads, each of mass \i and charge q. We suppose 
that the system of total mass m = Nfj, and charge e = 
Nq, is immersed in an arbitrary external electromagnetic 
field derived from the time dependent potential A ( ' = 

/ (ex) (ex)\ 

\A ,A J by means of 



E 



= -VA n — 



I dA 



dt 



(ex) (ex) 

B =VxA 



(1) 



The distribution function, obeying the normalization 
condition J fd 3 vd 3 x = N of such a system, is governed 
by the kinetic equation [O, O] 



df 
dt 



E 



l ex) 



1 _.(ex) 

- v x B 

c 



V„ / = C(f) 



m 

The assumption that during the point-like collisions 
the monad number, momentum and energy are con- 
served, implies that the three functions gi{v) = I, 
&2{v) — v and g$ (v) = v 2 are the collision invariants 
of the system and thus the collision integral C(f) satis- 
fies the conditions: J gj(v)C(f)d 3 v = with j — 1, 2, 3. 

In the following we study the projection of the system 
dynamics in the physical space, where the distribution 
function is p(t, x) = J fd 3 v and the mean value of a 
given property G = G(t, x, v) of the system, in the point 
x, is defined as < G > v = p^ 1 J G f d 3 v. Then, we can 
introduce the density of current u =< v > v and the 



2 



symmetric tensor er^ = <jji density of stress 

<7jk = P (< Vj v k >„- < vj > v < v k > v ) . (3) 

Multiplying Eq.(||) by the two first collision invariants 
gi(v) and g2{v) and after integration with respect to v, 
the continuity equation 



and the momentum balance equation 



(4) 



a , . a , 

— (/j,pu j ) + — (iJ,pujUk + p<Tjk)-pF j = , (5) 



with 



F =q[E +-uxB 



(6) 



can be obtained respectively jfl], [l2| . 

It is important to emphasize that in the Lorentz force 

acting on a single monad, as we can see from Eq. (@), 

appears the monad velocity v, while in the expression 

( ex ) i—i 
of the Lorentz F given by Eq. (|6|), appears u which 

describes a collective property of the system. Eq.s (|]) and 

(|J) are the hydrodynamic equations for the system, which 

conserves its monad number N — j pd 3 x and behaves as 

a fluid in the physical space. 

After taking into account Eq. (Q), we rewrite Eq. (||) 

in the following Newton-like form 



u = F +F 

p Dt 



(7) 



where D/Dt = d/dt + u - "V is the total time (or La- 
grangian or substantial) derivative. The hydrodynamic 
force F^"\ generated, through the stress tensor, from the 
monad interactions, takes the form 



F 



i a 

P dxk 



(8) 



We now focus our attention to an interesting property 
of the force —[iDujDt. It is trivial to verify that this 
force has a Lorentz-like structure 



Du 1 _(«) 

u = q\E + -uxB 

' Dt y V c 



(9) 



(«) (u) 

where the fields 2? and B can be derived from the 



potential A 
according to 



— ( -u 2 ,cu 
q \2 



(10) 



IdA 



on 



c dt 



(w) («) 

; B =Vxi . (11) 



The Lorentz-like structure of —uDu/Dt is exclusively 
enforced by the projection mechanism of particle motion 
from the phase space into the physical space (kinetics 
— > hydrodynamics). An immediate consequence of the 
Lorentz-like structure of —fiDu/Dt is that Eq. (fil) im- 

(CT) 

poses a Lorentz-like structure also for F : 



g LB +— uxB 



c 



(12) 



("■) (f) 

where the fields E and^B can be derived from the 
potential A = (A Q , A ) by means of 



E = -VA n 



1 OA 



dt 



B = V x A 



(13) 



We observe now that, after introducing the two fields 



E = E"" + E" +E (eX) and B = B +B +B 
which can be derived from the potential A — (Aq, A 
A iu) +A ((T) +A (LX) , Eq. (0) can be written as 

1 



E 



uxB = 



(14) 



Of course, Eq. ( |14[) is satisfied if simultaneously E = 
and B = 0. The condition B = implies V x A = 
so that we can write qA = cV<S. From this last relation 
and the definition of A we obtain 



V5 - -A (eX) — q -A {a) 



(15) 



On the other hand, the condition E = implies the 
equation dA/dt + c'VAq = which, after combined with 
qA = cVS, becomes dS/dt + qA = 0. This last equa- 
tion, after taking into account the definition of Aq and 
Eq. (|l5|), assumes the form 



at 2fj, \ c c 



rex) (<r) 

9 A +gA =0. 

(16) 

The vorticity |)| of a particle system of total mass m 
and charge e, immersed in an external electromagnetic 

field, is defined through u) = V x I rau + {e/c)A J and 

(f) 

results from the stress force F , being u> = — (e/c)V x 

A* ' = —(e/c)B { , as one can verify immediately by 
considering Eq. (|l5|). 

According to ref. || we can decompose the stress 
tensor density as cry*. = Sjk + v j~k- The first term is 
the residual or nonvortical stress tensor density, which 
is present also when u = 0. The second term rep- 
resents the vortical stress tensor density, which origi- 
nates the vortical flow in the system. From Eq. (H) 

(tr) (?) lv) 

we have that F = F + F . Of course it results 

.(c) .(?) AV) Jcr) AV) . 

yl = A +A , while we can pose A —A in order 

to write u> = — (e/c)V x A and then w = —{e/c)B 
Consequently for the nonvortical stress force we have 



j = -pd^ P ^ 5 



(17) 
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For the vortical stress force we obtain 
1 d 



F, 



p dxj 



■ P Vjk 



(V) 1 (v) 

E +-uxB 

c 



(18) 



C) (V) 

where the fields E and B are derived from the po- 
tential A l " } ~ (A ( q } , A ) through 



-VA Q 



1 dA 

c 



at 



B 



V x A 



(19) 



Finally Eq. ( |16[ ) can be written in a form where the con- 
tributions of the nonvortical and vortical stress potentials 
appear separately 



dS_ 
~dt 



1 

2/i 

.K) 
I- qA 



q ^(ex) 



q A <K 



<zA> 



qA =0 



(20) 



We remark that Eq.s (|20|) and (|l5j) are completely equiv- 
alent to Eq. (0). 

The continuity equation, after taking into account 
(|l5|), assumes the following form 



dp 



q ^(ex) 



q -A iK 



(21) 



It is important to emphasize that Eq.s J2(i|), ( [H|) and 
( |l5| ) describe the most general hydrodynamics in an al- 
ternative fashion with respect to the usual one, which 
we find in the texts of fluid physics. Clearly there are 
still considerable degrees of freedom in this hydrodynam- 
ics and it necessitates some constitutive equations. It is 
perhaps remarkable that one can obtain these additional 
equations, as we will see in the following, within the the- 
ory and without making any extra assumption. 



III. QUANTUM EVOLUTION EQUATION 

Eq. ( |l7| ) has a very transparent physical meaning sim- 
ply imposing that the nonvortical stress force F is con- 
servative. After introducing the field £ = In p we can 
write this equation under the form 



dA, 



(kjk _ d£ 

dxj dxk ~* k dxk 



(22) 



Note that Eq. ( |22| ) is a condition constraining the 



.(O 



forms of A and Sjk which can be viewed as two func- 
tional of the field £. Even though it can appear that Eq. 
( p2| ) contains considerable degrees of freedom, in the fol- 
lowing we will show that the particular structure of this 
equation restricts strongly the number of its solutions. 

We observe that just as the first term in Eq. (|2^) also 
the second and third term must take the form d(...)/dxj. 
This requirement can be satisfied by posing = ^ Sjk ■ 
Note that this choice is compatible with the symmetry 



property <Tj7c = Skj imposed by the monad kinetics and 
permits to write Eq. (|22j) as 



dA" 



<l- 



dxj 



Ox 



' dxj 



(23) 



The structure of the third term in Eq. ( p3| ) imposes that 
<; must be an arbitrary function of £ so that we can write 



dxj dxj 



(24) 



In this way Eq. (|22|) assumes the following simple form 



9 I A M 







(25) 



Eq. (^5|) allows to express Aq in terms of q, which re- 
mains an arbitrary function of the variable p. Then we 
can write the first solution (or class of solutions being 
<r(/o) arbitrary) of Eq. (j^) as 

(26) 
(27) 



Sjk = ?0) Sjk , 

J p 



This solution describes the classical Eulerian fluid with 
density of internal energy s = $jj /2 given by e = 3 q(p) /2 
and pressure it = ps{p). 

We show now that besides the above classical solution, 
Eq. ( p2] ) admits a second more interesting and less ev- 
ident solution. Again, we recall that all the terms of 
Eq. (p2|) must take the form d(...)/dxj. The particularly 
simple structure of the second term suggests to chose 
Sjk = ddh/dxj. Using the symmetry property qjk = $kj 
we have that = da/dxk and then the density of resid- 
ual stress tensor assumes the form 



Sjk 



d 2 a 
dxjdxk 



(28) 



with a an unknown scalar functional depending on the 
field £. Eq. (p2[) can be written now as 



d i co 



dxkdxk J dxjdxk dxk 



IT- = • ( 29 ) 



By making the hypothesis that the functional a is a 
function of the field £ (it can be easily verified that this is 
the only possibility) , and after developing the derivatives 
of a(£) we obtain 



d 2 a da <9 2 £ 
dxjdxk g?£ dxjdxk 



fa d£ d£ 



-J^^tB- • (30) 



dxj dxk 



Consequently, the third term in Eq.(E9) becomes 



dxjdxk dxk 



d [Ida <9£ g£ " 
dxj |_2 d£ dxk dxk 
1 d 2 a d£, d£, <9£ 



2 g?£ 2 dxj dxk dxk 



(31) 
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The requirement that also this third term has the form 
d(...)/dXj, imposes that d 2 a/d£, 2 = so that Eq. j2^ ) 
assumes the form 



d 

dx,j 



da d 2 £ Ida d£, d£ 



d£ dxfcdxk 2 d£, dxk dx]~ 



. (32) 



The condition d 2 a/d^ 2 = is a second order ordinary 
differential equation which can be trivially integrated 
providing a = co£ + c\ with Co and c\ arbitrary integra- 
tion constants. The expressions of an d , follow 
immediately from Eq.(p8|) and Eq. (B2|) respectively 



d 2 



dxj dxk 



hip , 



qA = c 



1 ? 
A lnp + - (Vlnp) 



(33) 
(34) 



The constant ci, not influencing the values of Cjfc and 



Aq 1 , can be set equal to zero. 

From the definition of the total internal energy related 
to nonvortical flow we have TL = J d 3 x p e > being 
e = sjj/2 > its density @, |J|. Starting from Eq. (§|) 
we can easily calculate TL obtaining 



n=fl ; 1 = fd"xl(Vp) 2 , 
8p J p 



(35) 



where we have posed cq — — 7/ 2 /4p < in order to have 
TL > 0. The real positive constant rj remains a free pa- 
rameter of the theory. It is remarkable that TL turns out 
to be proportional to the Fisher information measure / 
(Fisher 1922) ||, [l3| which in this way, emerges in quan- 
tum mechanics naturally. 

Note that after setting rj = Ti/N the quantity eA^ 
given by Eq. p4) results to be the quantum potential 
(Madelung 1926) [|J g. In this way, the fundamental 
constant h comes out simply as an integration constant, 
while the quantum potential emerges naturally as one of 
the two possible solutions of Eq. (£2|) . 

The two solutions above obtained are the only possi- 
ble ones. At the present, we do not have any criterion to 
judge whether one solution or the other is the right solu- 
tion to be chosen as constitutive equation for the system. 
It is trivial to verify that the most general solution of Eq. 
( p2| ) can be expressed as a linear combination of these in- 
dependent solutions and assumes the form 



f 



jk jk pJP^p P 4 m Q x . Q Xk 



eA 



, s K 2 



1 9 

A In p + - (Vlnp) 



lnp , (36) 
(37) 



being U(p) an arbitrary function. Eq. ( |37j ) represents 
the wanted constitutive equation and has been enforced 
exclusively from the fact that the nonvortical component 
of stress force is conservative. 



Note that the constitutive equation (|3j]), which gives 
the potential eA^ starting from p, has been obtained 
in the framework of an entirely classical kinetics. This 
kinetics describes the subquantum statistical ensemble 
of the N interacting monads. The monad interaction, 
which is not specified, generates the stress forces and 
then the potential eA^ . Clearly only when the monad 
interactions are suppressed the potential vanishes. Then 
the presence of the collision integral C(/) in the Eq. (g) 
is necessary for the consistency of the theory. Concern- 
ing the potential eA^ we note that in the limit h — » 0, 
becomes eA Q — U(p). In this case the constitutive equa- 
tion describes a classical fluid which is governed by Eq.s 
© and @. 

Observe that the system can be described through 
the two real fields p and S, whose evolution equations 
are (|2l]) and (p0|), respectively. Obviously, these equa- 
tions must be considered together with the constitu- 
tive equation ( |37| ) that defines Aq } . Alternatively one 
can describe the system by means of the complex field 
* = p 1 / 2 exp (iS/K) with S = NS. The evolution equa- 
tion for the field \E' can be obtained trivially by using the 
standard procedure [Q, starting from Eq.s (p0|), (|2f| ) and 



^<9* I 
in-— = - — 

dt 2m 



-ihv 

U{p) ^ 



e . (ex) 

-A - 



e . (v) 
-A 



.(ex) 

eA n f 



eA n * 



(38) 



Eq. ( pq ) can describe the non relativistic quantum par- 
ticle with spin in an external electromagnetic field gen- 
erated from the potential A' ' = (A ' ,A ). The 

second potential A ( ' = (Aq ' , A ( ) represents internal 
degrees of freedom and describes the vortical flow of the 
system with lo ^ 0. Finally in Eq. ( |3"§| ) a third, internal, 
arbitrary and nonlinear potential namely U (p) appears, 
which can be exploited to investigate some complex phe- 
nomenologies of the condensed matter arising from col- 
lective interactions (e.g. the Bose-Einstein condensation 
has been studied previously in the literature by consid- 
ering U(p) — ap). 

Besides the equation of motion the present theory is 
characterized by the presence of a subsidiary condition 
restricting the velocity circulation. To show this we 
rewrite Eq.(h_5j) under the form 



e .(ex) e AO) 

mu+ -A + -A 

c c 



(39) 



Consider an arbitrary closed contour C delimiting the 
surface s, it is trivial to verify that from Eq. ( |39"|) follows 



in / udl + -$ - | / T. ds I 



(40) 



being <i> = J g B N ds the flux of the external magnetic 

(ex) 

field B going through s, while the vector T is pro- 
portional to the vorticity namely u> = (h/2)T. Then if 
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we take into account that u> = —{e/c)B we have that 

the third term in the left hand side of Eq. (Eof) is pro- 
fit) 

portional to the flux of the B going through s. Finally 
the quantity T is given by 

r = I VSdl = <f dS , (41) 
Jc Jc 

and its value does not depend on the detailed path of C in 
so far as it does not pass through a singular line because 
V x V5 = elsewhere. We remark that the condition 
( |40| ) holds independently on the spin value which clearly 
influences the value of T. For spinless particles (T = 0) it 
has been shown that T = nh with n an arbitrary integer 
|>|- The case of a non relativistic particle with spin 1/2 
has been considered extensively in the framework of the 
Schrodinger-Pauli theory, by several authors (|, U, ||, 
and it has been shown that T = nh/2 ||. 

IV. CONCLUDING REMARKS 

We tackle briefly the problem concerning the locality in 
quantum physics, that was left unresolved in the twenty 
three year long debate between Einstein and Bohr and 
was reconsidered by Bell in 1964. It is well known that 
the Bell's inequality has been obtained in the framework 
of local, hidden variables and deterministic theories. This 
inequality is in disagreement both with quantum me- 
chanics and experimental evidence. The reason of this 
disagreement now appears clear. Here we have obtained 
quantum mechanics starting from the underlying monad 
kinetics which is a non local, hidden variables and prob- 
abilistic theory. Indeed, in the proposed scenario, the 
quantum particle of mass m turns out to be a statisti- 
cal system, having a spatial extension and an internal 
structure. It is composed by N identical subquantum 
interacting particles of mass fi, the monads. These mon- 
ads obey the laws of classical physics and their dynamics 
is described in the phase space by the standard kinetic 
equation. 



Remark that we don't make any assumption about the 
structure of the collision integral and the nature of the 
interaction between the monads except that, during the 
point-like collisions the monad number, momentum and 
energy are conserved. The projection of the above phase 
space kinetics into the physical space produces a hydro- 
dynamics which leads naturally to the one particle quan- 
tum mechanics. On the other hand the monad interac- 
tion generates the stress forces and then the quantum 
potential which vanishes only when the monad interac- 
tions are suppressed. Then the presence of the collision 
integral in the kinetic Eq. (|l|) is necessary for the consis- 
tency of the theory. The determination of the form of the 
collision integral in the framework of a subquantum dy- 
namics is a very interesting problem which remains still 
open. 

At this point, the question arises spontaneously if it 
is possible to include the locality in quantum physics. 
Clearly, there is no problem in principle to construct a 
theory starting from a relativistic kinetic equation rather 
than from Eq. (||). After noting that a subquantum rel- 
ativistic kinetics is a local, hidden variables and proba- 
bilistic theory, we can make the conjecture that a sub- 
quantum relativistic monad kinetics could be underlying 
a local quantum theory. 

To summarize we have shown that the approach to 
quantum mechanics proposed in ref. Q is suitable to 
treat also the quantum particle with spin as well as the 
nonlinear quantum mechanics. Main goal of the present 
paper is the quantum evolution equation ( |38| ) which has 
been obtained within an entirely classical subquantum 
kinetics without making any extra assumption. This 
equation: i) can describe the quantum particle with spin, 

due to the presence of the internal potential A { ' ; ii) can 
be used to study some complex phenomenologies in con- 
densed matter physics e.g. Bose-Einstein condensation, 
due to the presence of the nonlinearity U(p) . Clearly 
when J^ v) — and U(p) = 0, Eq. ([38]) reproduces the 
Schrodinger equation describing the spinless particle. 
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